Abstract: Let R be a ring, n a fixed non-negative integer and GI n (GF n , respectively) the class of all left R-modules of Gorenstein injective(Gorenstein flat, respectively) dimension at most n.
1 R (N, M ) = 0 (Ext 1 R (M, N ) = 0, respectively) for any N ∈ GI n (N ∈ GF n , respectively). A right R-module M is called n-GI-flat if Tor
Introduction
Let R be a ring. A left R-module M is called GI-injective [5] if Ext 
(M, N ) = 0, respectively) for any N ∈ GI n (N ∈ GF n , respectively). and a right R-module M is called n-GI-flat if Tor R 1 (M, N ) = 0 for any left R-module N with N ∈ GI n . It is shown that a left R-module M over any ring R is n-GIinjective if and only if it is a kernel of a GI n -precover f : A → B with A injective and M is n-GF -projective if and only if it is a cokernel of a GF n -preenvelope f : A → B with B projective. It is also shown that a right R-module M over any ring R is n-GI-flat if and only if M * is n-GI-injective if and only if the functor M ⊗ R − is exact with respect to each sequence 0 / / A / / B / / C / / 0 of left R-modules with C ∈ GI n . If R is an n-Gorenstein ring, then a finitely presented right R-module M is n-GI-flat if and only if M is a cokernel of a GF n -preenvelope K → F of a right R-module K with F flat.
In Section 3 of this paper, we present some applications. We show that n-GI-injective modules coincide with strongly GI-injective modules over an nGorenstein ring. Let R be a right noetherian ring, then every finitely generated n-GI-flat right R-module is n-GF-projective. We also give some characterizations of commutative von Neumann regular.
In the following, we first recall some of notions and facts needed in this paper.
Let R be a ring and F a class of R-modules. By an F-preenvelope of an R-module M we mean a morphism ϕ : M → F where F ∈ F such that for any morphism f : M → F ′ with F ′ ∈ F, there is a morphism g : F → F ′ such that g • ϕ = f . If furthermore, when F ′ = F and f = ϕ the only such g are automorphisms of F , then ϕ : M → F is called an F-envelope of M . Dually, we have the definition of F-(pre)cover of an R-module. Note that F-envelopes and F-cover may not exist in general, but if they exist, they are unique up to isomorphism.
Given a class C of left R-modules, we will denote by C ⊥ = {M | Ext 1 R (C, M ) = 0 for all C ∈ C} the right orthogonal class of C, and by ⊥ C = {M | Ext 1 R (M, C) = 0 for all C ∈ C} the left orthogonal class of C. A pair (F, C) of classes of left R-modules is called a cotorsion theory if F ⊥ = C and ⊥ C = F. A cotorsion theory (F, C) is said to be perfect if every left R-module has a C-envelope and an F-cover. A cotorsion theory (F, C) is said to be hereditary if whenever 0
Throughout R is an associative ring with identity and all modules are unitary. For an R-module M , E(M ) and M * stand for the injective envelope and character module of M , respectively. For unexplained concepts and notations, we refer the reader to [2, 11] .
Definitions and General Results
We begin with the following. Definition 1. Let R be a ring, n a fixed non-negative integer and GI n (GF n , respectively) the class of all left R-modules of Gorenstein injective(Gorenstein flat, respectively) dimension at most n. A left R-module M is called n-GIinjective if Ext (1) By [5, 6] , 0-GI-injective modules were called GI-injective and 0-GI-flat modules were called GI-flat. Moreover, if m ≥ n, then m-GIinjective modules, m-GI-flat modules and m-GF -projective modules are n-GIinjective, n-GI-flat and n-GF -projective, respectively.
(2) A right R-module M is n-GI-flat if and only if M * is n-GI-injective by the isomorphism: Ext
(3) Let I be any index set and (M i ) i∈I a family of left R-modules, then we have Π i∈I M i is n-GI-injective if and only if M i is n-GI-injective for each i; (4) Let I be any index set and (M i ) i∈I a family of right R-modules, then we have ⊕ i∈I M i is n-GF -projective if and only if M i is n-GF -projective for each i;
(5) Let I be any index set and (M i ) i∈I a family of right R-modules, then we have ⊕ i∈I M i is n-GI-flat if and only if M i is n-GI-flat for each i;
(6) The class of n-GI-injective left R-modules, the class of n-GF -projective left R-modules and the class of n-GI-flat right R-modules are closed under extensions respectively.
with E i Gorenstein injective and hence
with F i Gorenstein flat and hence Ext
The proof is similar to that of (2), so we omit it here.
In the following, we give some characterizations of n-GI-injective. (1) M is n-GI-injective;
with E ∈ GI n , we have the following exact sequence
with N ∈ GI n . By Definition 1, Ext 
with P projective. This induces an exact sequence (1) M is n-GF -projective; (1) M is n-GI-flat; (2) M * is n-GI-injective; (3) M ∈ ⊥ C, where C = {B * |B ∈ GI n }; (4) For every exact sequence 0 / / A / / B / / C / / 0 of left R-modules with C ∈ GI n , the functor M ⊗ R − preserves the exactness.
Proof. (1)⇔(2) It follows from Remark 2. (1)⇔(3) It follows from the following standard isomorphisms: Tor
(1)⇒(4) Let M be n-GI-flat. Then for any exact sequence
of left R-modules with C ∈ GI n , we have the following exact sequence 0 = Tor
and hence M ⊗ R − is exact with respect to every exact sequence
of left R-modules with C ∈ GI n . (4)⇒(1) For any left R-module N with N ∈ GI n , there is an exact sequence of left R-modules 0 / / K / / P / / N / / 0 with P projective. This induces the following exact sequence
with Tor (4) . Therefore Tor R 1 (M, N ) = 0 for any left R-module N with N ∈ GI n , and hence M is n-GI-flat.
Recall that a ring R is called an n-Gorenstein ring if it is both left and right noetherian with self-injective dimension at most n on both sides for some non-negative integer n.
Notes that for any E ∈ GI n , by [2, Corollary 10.3.9] , E * ∈ GF n since R is n-Gorenstein. Thus we obtain an exact sequence Hom R (F, E * ) → Hom R (L, E * ) → 0 by the definition of preenvelope. This gives rise to the exactness of sequence (
On the other hand, we have the following exact sequence 0 = Tor
So Tor R 1 (M, E) = 0, and hence M is n-GI-flat.
Theorem 8. Let R be an n-Gorenstein ring. If M is a finitely presented right R-module, then M is n-GI-flat if and only if M is a cokernel of a GF
Proof. ⇐ It follows from Lemma 7. ⇒ Since M is finitely presented, there is an exact sequence
with P finitely generated projective and K finitely generated. We claim that K → P is a GF n -preenvelope. Indeed, for any F ∈ GF n we have F * ∈ GI n by [8, Proposition 3.11]. Thus Tor R 1 (M, F * ) = 0, and so we have the following commutative diagram:
On the other hand, there exists an exact sequence Q → K → 0 with Q finitely generated projective. Then we have the following commutative diagram:
Note that τ Q is an isomorphism by [11, Lemma 3 .55], and hence τ K is epimorphism. Since τ P is an isomorphism, η is a monomorphism. Thus Hom R (P,
Clearly, every injective(projective, flat, respectively) module is n-GI-injective(n-GF -projective, n-GI-flat, respectively). However, n-GI-injective(n-GFprojective, n-GI-flat, respectively) R-modules need not be injective(projective, flat, respectively) as shown by the following proposition. Recall that the Gorenstein injective dimension of a left R-module M is defined to
Similarly, one define the Gorenstein projective dimension, Gpd R (M ), and Gorenstein flat dimension, Gf d R (M ), of M , respectively. 
(2) It is similar to (1). (3) ⇒ It is trivial. ⇐ Let N is n-GI-flat and r.Gf d R (N ) ≤ n+1. We have N * is n-GI-injective by Proposition 6. Moreover, r.Gf d(N ) ≤ n + 1 ⇒ l.Gid(N * ) ≤ n + 1 by [8, Proposition 3.11] . Thus N * is injective by (1) . This implies N is flat.
Proposition 10. Let R be any ring, then the following are equivalent: (1) Every right R-module is n-GI-flat; (2) Every finitely presented right R-module is n-GI-flat; (3) Every left R-module N with N ∈ GI n is flat; (4) Every cotorsion left R-module is n-GI-injective; (5) Every pure injective left R-module is n-GI-injective.
(2)⇒(3) Let N ∈ GI n . Then for any finitely presented right R-module M , by (2) , it is n-GI-flat, and so Tor (1) Every left R-module is n-GF -projective; (2) Every left R-module N with N ∈ GF n is injective.
Applications
Recall from [5, 6] that a left R-module M is called strongly GI-injective if Ext 
By the hypothesis, Ext Thus M is n-GI-injective.
Proposition 14. Let R be a right noetherian ring. Then every finitely generated n-GI-flat right R-module is n-GF-projective.
Proof. Let M be finitely generated n-GI-flat. Since R is right noetherian, by [11, Theorem 10 .66], we have an isomorphisms: 
